Recently, a type of null experiment for spacelike neutrinos has been proposed. We examine in detail a class of null tests involving nuclear beta decay or capture in atoms and ions. The most promising candidate systems are identified.
Introduction
Recently, we proposed a class of null experiments designed to test whether the four-momentum of either the electron neutrino or the muon neutrino might in fact be spacelike [1, 2, 3] . Originally stimulated by theoretical considerations, this unconventional idea has received further examination in light of the ongoing trend towards negative values in the measurement of squared neutrino masses. Five recent experiments [4, 5, 6, 7, 8] have measured the squared mass of the electron neutrino to be negative, with the mean more than two standard deviations from zero. Measurements of the squared mass of the muon neutrino over the past decade [9, 10, 11, 12, 13] have similarly produced negative values, with the latest being five standard deviations from zero. The situation in the muonic case has been altered very recently by a remeasurement of a crucial pionic x-ray intensity, which allows a new solution for the pion mass that yields a muon-neutrino squared mass compatible with zero [14] . An independent confirmation of this possibility would be very interesting. In any event, the issue is ultimately experimental. With this in mind, we present in this letter an analysis of a class of possible experiments that can provide a lower (negative) bound on the squared mass of the electron neutrino.
Although the focus in this paper is on the electron neutrino, the basic idea is most easily illustrated for the muon neutrino, which we summarize first. More details about the theoretical motivation and a variety of null tests are presented in [1, 2, 3] .
Consider the process
When the muon is at rest, this reaction is forbidden by energy conservation. 1 If the neutrino has spacelike momentum, however, it is possible to boost the muon to a frame in which the process is kinematically allowed. The threshold for the reaction to occur is given by the muon energy
where m ν is defined to satisfy m
A crude estimate of the rate ω of the reaction (1) can be obtained under a number of theoretical assumptions [2] . It exhibits a peak at E max = √ 3E th , varying with m ν andQ = m π − m µ as
which makes the rate small. Nevertheless, it can be combined with experimental data on muon beams to place a lower (negative) bound on the squared mass of the muon neutrino [3] .
Similar considerations also apply to processes involving the electron neutrino. For example, certain β decays forbidden kinematically when the decaying nucleus is at rest could be allowed if the nucleus were boosted. More stringent limits have been placed on the mass of the electron neutrino, so the corresponding threshold energy E th might be expected to be higher, and the corresponding rate ω(E max ) smaller.
However, as m µ → m π for fixed m ν , Eqs. (2) and (3) reveal that the threshold energy becomes independent of m ν while the small factor m 3 ν in the numerator of the rate can be overcome by the shrinking value ofQ. In other words, if the barrier to the decay at rest is decreased, then the threshold energy is reduced while the decay rate is enhanced.
These considerations suggest it is worthwhile to pursue a search for nuclear β processes forbidden kinematically but for which the magnitudeQ of the associated negative Q value is very small. This paper presents the results of such an investigation and thereby identifies the most promising candidates for future experiments.
To ensure a comprehensive search, it is necessary to consider not only the usual beta decay involving electrons and antineutrinos, but also processes like positron emission and electron capture. Moreover, since a nuclear null experiment is likely to involve the acceleration of the nucleus in question, some or all of the electrons may need to be stripped from the neutral atom. This procedure can have a profound effect on the Q value for the reaction. Ho +ν e . This reaction, which converts one neutral atom to another, has a small negative Q value, Q ≃ −2.6 keV. However, the Q value for beta decay of the fully stripped dysprosium nucleus into a holmium ion with one bound electron is positive, Q ≃ +50 keV. Indeed, this reaction has recently been experimentally observed [15] . The difference in behavior between the neutral atom and the fully stripped nucleus suggests an examination of intermediate, partially stripped ions is needed to identify the most promising candidate reactions for nuclear null tests.
Analysis and Results
To investigate these questions systematically, we begin by introducing a more complete notation. We use the symbol A Z N(k) to denote a nucleus of element N with baryon number A, charge Z, and with k electrons bound to it. The lifetime of the corresponding neutral atom is denoted by τ N . The ionicity n = Z − k is defined as the net positive charge on the ion. In what follows, we restrict our attention to the case 0 ≤ k ≤ Z, i.e., we disregard the possibility of negative ions.
Our purpose requires a study of the energetics of any given process. For simplicity, the symbol A Z N(k) is also used to denote the rest energy of a given ion. The absolute value of the binding energy of k electrons to a nucleus of charge Z is denoted by B(k, Z). We then immediately obtain
These two formulae relate We begin the analysis with a consideration of processes involving two-body final states. There are two types of such processes to discuss. First, we examine reactions of the type
in which the nucleus N 1 undergoes beta decay and the emitted electron is captured by the ensuing ion N 2 . Using Eq. (4), the Q values Q 2a (k) for this class of processes can be expressed as
In the second form of this equation, the so-called beta-decay energy A Z ∆ is given by
The remaining factors are defined by
which is positive for all k. The quantity ∆B Z ≡ ∆B k=Z is the difference in total electronic binding energy between the two neutral atoms.
Let us first consider type-2a reactions with k = Z, i.e., those involving neutral atoms. For this case, ∆B Z = ∆B k so we find Q 2a (Z) = Table 1 shows the most favorable cases extracted from the compilation in ref. [16] . Since some of the candidate atoms are unstable, we also list their lifetimes τ N 1 taken from ref. [17] .
The values of Q 2a (k) for other nonzero k, i.e., the partially stripped cases, are not readily found. The problem is that, to our knowledge, there is no compendium of requires an alternative approach, to which we return below.
Instead, consider the case k = 0. This corresponds to the beta decay of a fully stripped nucleus into an ion with one bound electron. The Q value for a process of this type is given by
, since by definition B(0, Z) ≡ 0. The quantity ∆B Z can be calculated from tables of total atomic energies [18] , while the quantity B(1, Z + 1) is provided in ref. [19] . We have determined the candidate processes with the most favorable Q 2a (0) values from among the approximately 1500 nuclides for which data are available. These processes are listed in Table 2 .
Next, we consider the second type of process with a two-body final state, namely, electron capture ('inverse beta decay'). Typically, this proceeds from the K shell, but L-and higher-shell captures can also occur. The latter are suppressed by wavefunction overlap but are energetically favored. Unless an experiment clearly determines the capture type, the energetics of a null test require the assumption that the outermost electron is captured. We therefore consider reactions of the form
We denote the corresponding Q values by Q 2b (k + 1), and using Eqs. (4) and (6) we Just as for the case of type-2a processes, available data permit a numerical study of reactions with neutral atoms, k = Z, and with fully stripped nuclei, k = 0. Since the right-hand side of Eq. (10) has a negative sign, it suffices to repeat the previous procedures but keeping now processes with small positive A Z ∆ listed in ref. [16] . The most favorable cases for Q 2b (Z + 1) and Q 2b (1) are displayed in Tables 3 and 4, respectively.
We next turn to a consideration of processes involving three-body final states.
There are again two types of such processes to examine. We begin with reactions of the standard beta-decay type
− +ν e (type 3a) .
The Q values Q 3a (k) for processes of this type can be expressed using Eq. (4) as Table 5 : Binding energies and smallest Q 3a (1) and Q 3a (0) values in keV for three-body reactions of type 3a.
where ∆ B k = B(k, Z + 1) − B(k, Z) is a non-negative quantity.
There are several cases of type-3a processes accessible to analysis. For reactions involving an initially neutral atom, k = Z, the quantity −∆B Z + ∆ B k reduces to
where I(Z) is just the (positive) first-ionization energy of the nuclide N 2 . The order of magnitude of I(Z) is one to ten eV, so to an excellent approximation we can write
. A listing of the most favorable such processes has already been given in Table 1. As mentioned above for the two-body processes of type 2a, we know of no tabulation of data that permit a determination of Q 3a (k) for arbitrary nonzero k. However, the situation is more favorable than for type-2a processes because Eq. (12) involves ∆ B k rather than ∆B k . The data compiled in ref. [19] therefore permit an analysis of the case where k = 1. The situation for the fully stripped nucleus with k = 0, which has ∆ B k = 0, can also be analyzed. Among the nuclides for which information is available, we have found only a few candidates of interest for either k = 0 or k = 1.
They are listed in Table 5 . Whenever Q is negative, the candidate with k = 1 is more favorable than the corresponding one for k = 0 because ∆ B 1 is positive.
The second class of reaction involving a three-body final state is positron emission, with the generic form
We find the associated Q value Q 3b (k) is related to Q 3a (k) as given in Eq. (12) by
As for type-3a processes, the data available make possible an investigation of Table 6 lists favorable cases for Q 3b (Z), while the most interesting cases for Q 3b (1) and Q 3b (0) are displayed in Table 7 . The table shows that cases with k = 1 are less favorable than those with k = 0, because the expression for k = 1 contains in addition the negative quantity −∆ B 1 .
To summarize the above analysis, we have examined two-and three-body final states for a variety of nuclear processes in neutral atoms and fully or almost fully stripped nuclei. Kinematically, the most promising candidate for two-body reactions is the dysprosium-holmium case with Q 2a (Z) ≃ −2.6, while that for three-body reactions is the plutonium-americium case with Q 3a (0) ≃ −1.6.
Let us next return to the issue of partially stripped ions with k electrons. A complete analysis of all possible cases would require a numerical computation of the values of B(k, Z) for all values of k and Z, a task beyond the scope of this paper. Table 7 : Smallest negative Q 3b (1) and Q 3b (0) values in keV for three-body reactions of type 3b.
Instead, we present here an analysis for a specific case, the dysprosium-holmium pair.
Intermediate ionicities are of particular interest for this example not only because A Z ∆ is small but also because the quantities Q 2a (k) and Q 2b (k + 1) change sign as one passes from the neutral dysprosium atom to the fully stripped ion.
Several codes are available for computing binding energies. For the present case, we need the values of B(k, 67) and B(k, 66) for a broad range of k. Results for these binding energies obtained 2 using the code GRASP2 [20] are shown in Table 8 . From them, we can obtain the values of ∆B k and ∆ B k , also shown in Table 8 . Together with the observation that for the dysprosium-holmium system
and Q 3a (k) ≃ −15.1 keV + ∆ B k . Note that the values of Q 3b (k) are not interesting in the present context because they are dominated by the factor of −2m e appearing in Eq. (15).
The results for Q 2a (k) are displayed in the last column of Table 8 . Those for Q 2b (k + 1) follow by changing the sign. The table shows the existence of some kinematically favorable partially stripped cases. The most attractive one appears when k = 27, for which Q 2a (27) ≃ −1.4 keV, the smallest value yet found. For k = 6, a minimum in Q 2b (7) of −4.5 keV is manifest. ing monotonically with increasing k, down to the minimum of Q 3a (66) ≃ −2.6 keV already found. Indeed, the value Q 3a (k) ≃ −2.6 keV holds for k ≥ 48. As might be expected from the relatively small size of the binding energies of the outermost electrons in a neutral atom, Q 3a (k) changes little for k near Z. This means our earlier results for k = Z have wider applicability than just to the neutral atoms. In principle, this could provide a means of accelerating effectively neutral atoms for the purposes of a null test.
Discussion
We have seen above that there are a number of candidate systems fulfilling the kinematic criteria for a null test with relatively small Q values. For a more definite experimental proposal, several facts should be borne in mind.
First, the atomic mass tables we have used [16] were originally published over fifteen years ago. Although in the intervening period more results have been obtained, to our knowledge there has been no analogous recent systematic compilation, as is required for the present analysis. In particular, this means that some of the Q values could be significantly less than those we have recorded above. For this reason, we have also listed systems with Q values that, although still relatively small, are considerably larger than the smallest ones found. Similarly, we have not attempted to estimate errors in the data presented.
Second, in distinguishing between two-body and three-body final states, we are assuming that the experiment can separate these two cases. If only the transmutation of one atomic species into another is detected, then for the test to be meaningful both relevant Q values must be negative.
Finally, in the above analysis we have assumed an ideal case for which the nuclides in question are in the ground state and have a long enough half life for an experiment to be performed. In particular, we have been primarily concerned with Q values rather than decay rates. Determining the latter is a much more involved task than for the case µ → πν mentioned in the introduction, and such a calculation must await a more definitive experimental proposal.
Let us briefly address the issue of the boost required for a null test with a given Q value. A reasonable guide to the boost needed can be obtained by approximating a generalization of the formula (2) for the threshold energy of the two-body decay µ → πν. Consider the general two-body null-test reaction X 1 → X 2 ν, and denote by M 1 the mass of the parent body and M 2 > M 1 the mass of the daughter. LetQ represent the modulus of the Q value for this reaction, so that M 2 = M 1 +Q. Then, we find
where m denotes the real and positive mass parameter for the neutrino.
It is certainly true that m ≪ M 1 . Moreover,Q ≪ M 1 for all reactions of interest.
It is therefore a good approximation to write
If m ≪Q, as is true for all processes considered above, the last factor in parentheses can be neglected. In the reactions of interest, M 1 represents the mass of a nucleus of baryon number A, so M 1 ≈ A in GeV. We finally obtain m ≈Q (ǫ th /GeV) ,
where ǫ th is the threshold energy per nucleon of the parent nucleus.
The most promising cases we have identifed so far haveQ of about one keV. Plans at CERN and RHIC call for ion beams with energy of order 100 A GeV. Formula (18) shows that such beams are kinematically sensitive to spacelike neutrinos with mass parameter m on the order of 10 eV. This is competitive with current bounds obtained by other means.
